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1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of analytic functions f defined on the unit disk A =
{z € C: |z|] < 1} with normalization f(0) = f'(0) — 1 = 0. Such a function has

the Taylor series expansion about the origin as

o0
f(z) :.’:—i—Zaﬂz"‘, z € Al (1.1)

n=2
We denote by &, the subclass of A consisting of functions that are univa-
lent. Goodman |2, 3] defined and studied the subclass of uniformly starlike
and uniformly convex functions. Murugusundaramoorthy et al. [1] extended the
study of the above subclass by fixing the second coefficient. In recent times,
researchers |1, 5] have defined new subclasses of & by fixing a finite number of
coefficients of functions. In this paper, we consider the subclass SD(a) of S by
fixing finitely many coefficients and properties of the functions in this subclass

are examined.

T denotes the subclass of § consisting of functions with negative coefficients.

Thus if f € T then
f(:j :z_zanzn-.ﬂnz 0. {12}
n=32

Definition 1.1 ( [6]). A function f € & is in the class SD(«) if it satisfies the
analytic criteria
RE{M} > a
z

The intersection of the classes 7 and SD(a) is denoted by TSD{a). We now
state a necessary and sufficient condition for the functions in S to be in TSD(a).

e -2 axo (1.9)

Theorem 1.2. A function of the form (1.2) is in the class TSD(«) if and only
if

d l+an—1)a, <1, a=0. (1.4)

n=2
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Theorem 1.2. A function of the form (1.2) is in the class TSD(a) if and only
if
> [+aln—1)a,[ <1, a>0. (1.4)
n=2
Proof. Assume that f of the form (1.2) satisfies (1.4). Then

}1—‘%&1—1‘—&

f(z) — ﬂ—}"

=1-3",la, —ad " s(n— 1)|a,| = 0. Hence f € TSD(a).

Conversely,
RE{M} —alf(z) — M' > 0.

which implies Re{l — 3%, |an|z" 1} —a| 32 ,(n — Danz""1 = 0

Letting z to take real values and as |z| — 1, we get

1 =3 0l lan| — a3 ly(n — 1)]as| = 0.
which implies 377 [1 + a(n — 1)][a,| < 1. O
Corollary 1.3. For f € TSD(a)

1 . 5

We now introduce the subclass TSD (o, pi.) of TSD(«). This class consists of
all those functions in 78D (o) which are of the form

Ik o0

n=k+1

Several interesting properties of the functions in this class are proved in the
subsequent sections.

2. COEFFICIENT ESTIMATES
We now prove the coefficient estimate for functions in the class TSD(a, pr).

Theorem 2.1. A function of the form (1.6) is in the class TSD(a, pi) if and
only if

50 k

d [+am—1a, <1-) p, (2.1)

n=k+1 i=2

where a 20, 0<p; <1 and 0 < Zf:g pi < 1. The result is sharp.
Proof. By (1.5),

k
Pi .

i = T s I —. v ke, U<<p; <1, U< i = 1. .
4= T TaG 1) ! 2,3, _k_U_p_l_ﬂ_;p_l (2.2)

which implies Zf:z pi+ >onpir|l +aln—1)]a, < 1.
Conversely,

Re{@} — @
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>1- ‘” 1 ‘ ‘f -4
— J- - Zn:ﬁ |aﬂ| — QEH:Q{H - 1)|ﬂﬂ|

=1-YF [l +ali —))|a] — X2, [1 + a(n — 1)]]a,]
=1- 0P — Lonpsa [l + aln — D]jan|, by (2.2)

>0, by (2.1).

Thus f € TSD(a, pr). The sharpness of the result follows by taking

k ) (l - Zf:ipi)
§l+a{z—1 — z', n>=1. (2.3)

1+aln-1)
O
The following corollary is a consequence of Theorem 2.1.
Corollary 2.2. If f is in the class TSD(«, p;), then
1— i
DY n>k4l. (2.4)

P L
"= Tram-1)

The result is sharp for the functions f given by (2.3).

Theorem 3.1. The class TSD(«, py.) is conver.
Proof. Let f. g be two functions in TSD(av, p). Then

k o
fEZ]:z_§1+a{ﬂ.—1]z_ﬂg;_lanz’
k
=2- by
9lz) == ;HM—U ﬂ;l .

where 0 <p; < 1,0 < Z:‘;gpi < 1.
Define h(z) = Af(z)+(1-A)g(z). Then h(z) = z—3_° Em D D PV S
(1 — A)bn]2".
Now,
Zn =k+1 [1 + "—T n— ”][Aﬂﬂ + (1 - }bn]
=AY el +an—Dla, +(1=X)> 71+ aln—1)]b,

<AL= op)+ (1 -N1 - ,m)
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=1- Z‘?:Qpﬁ

which implies h(z) € TSD(a, pp). O
Theorem 3.2. Let

fi(z) Zl—l—an—l (1)

and

k | (1—2?;:9%)
— 2 — "n>k+1. 3.2
Zl—i—&?—l Zhnz kb (3.2)

1+ a(n—1)

i=2

Then f € TSD(wv, pi) if and only if f can be expressed in the form
= Z)'lnfﬂ{z}s (3.3)
—k

where A = 0, (n > k) and 3", An = 1.
Proof. Suppose f € T can be expressed in the form (3.3). Then

o0

_ ‘E‘ﬂ[l — Z?:‘l p“f] ST )
Z_Zl—l—f:r?—l] Z l+an—-1) (34)

n=k+1

o0 jtnl— i=2 Pl o0 r =
N(}V-"! Zn:k-i—l[l +O{|{?’1 - 11]% - Zﬂ:k+1 }'ﬂ[l - Z::Qpi]

- [1 - Zf:z Pf:] Z:}:k+1 An
=1 - Xaml(1— M)
<1- Zf:g Pi

which implies f € TSD(a, pr).
Conversely, for n > k + 1, set

1+ a(n—1)|an

An = > k41 3.5
I - ZI 9 Pi { d}
and -
A=1- > A (3.6)
n=k+1
Then f can be represented as f(z) == A ful2). ]
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Corollary 3.3. The extreme points of the class TSD(a,p) are the functions
fry (= k) given by (3.1) and (3.2).
4. INTEGRAL OPERATOR

The Alexander Operator for the functions in the class § is defined as

T(f) = [ﬂ ) @dt. (4.1)

This operator maps the class of starlike functions onto the class of convex func-
tions. The effect of this operator on the functions in the class TSD(a. p.) is given
in the following theorem.

Theorem 4.1. Let [ defined by (1.5) be in the class TSD(a, pi). Then I(f)
belongs to the class TSD(a, qi) where q, = EE.

Proof. We have

[+ 4]

. iln
2 —z", 4.2
Z 1+ a{z —1) n (42)

n=k+1
Now,
Zﬂ k-H[]' +ﬂ' n— 1}]

< 51 L[l +a(n = Dlay
< ﬁ(l - Ef:zpi}

= ;c_jrl - Zf:ﬁﬁ
<1-Yi,2z

which implies Z(f) € TSD(a, qx). O
5. RADIUS OF STARLIKENESS AND CONVEXITY

In this section, we derive the radii results for the function in the class TSD(a, pi.)
to be starlike or convex of order j3.

Theorem 5.1. The function given by (1.5) in the class TSD(a, pi) is starlike
of order 3 (0 < 3 < 1) in the disk |z| < ry where ry is the largest value which

satisfies
o0 . ke
) i—1 ((2_ n) )’1 Zf—-}Pi] n—1
+ —= < 3. a1
;[l+a{a—1 it l—i—crl:n—l] o= (5-1)
k . P i—1 oo n—1
_,_J"[ Ei:?[l_l] Tali— ]r _En=k+1(n_1]ﬂ"r
Proof flz) — 1 = 1-5F AL =S

which is less than or equal to 1 — 3 for |z| < r if and only if

L 2-9)-8 -
— )] — .I i—1 i n—1 1 _ ¢ =
2 mpﬂ + ﬂgiﬁiz — ﬂ-] — I3}aﬂr E J. .j {02}
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By Corollary 2.2, we may set
- [l B Z:‘::E pi-l A
" 14aln—1)

where A\, >0 (n>k+1), 37, A <L

. n—1
For each fixed r, choosing an integer ng = ng(r) for which —n% is a max-

w2kt (5.3)

imum. we obtain

- ; — {(2 — ﬂ'ﬂ'} - jj[l - Zf:‘l p’*] ng— r
n:zk;q(n = Bl < 1 +a(ng—1) e 54

Hence f is starlike of order 3 in |z| < r; provided

(2 i)—B 4 (2-m0) =B —ron] mo1 .
ali — )" + 1 +a(ng—1) mrisl-g

M»

||
]

We find the value of ryp and the corresponding ng(rp) so that

(2—i)—pB . (2—mng)=pB)1 -2 ng] o ]
i=2 m;pxru 1+ a(ng—1) o =1-5 (5.6)

which is the radius of starlikeness of order 3 for functions in the class TSD(a. pi ).

O

In the following theorem we obtain the radius of convexity for functions in the

class TSD(av, py).

Theorem 5.2. The function given by (1.5) in the class TSD(a,py) is conver
of order 3 (0 < 3 < 1) in the disk |z| < ro where vy is the largest value which

satisfies
1 nn—=FN1=> spm] .1
> L+az—1}]""”t t T Tramon =P 67
i=2
" Ek_2 ifi—1)p; r{—j_'_Em:k 1H|[T£—1}a1-.r“_1
P- ] _,Ir I::I 1+afi—1]} n +
! ‘ ) | = 1T bty Tk nanr™ !

which is less than or equal to 1 — 3 for |z| < r if and only if

?{1 — 3] i—1 - / n—1 . e
2 m]‘" + Z ﬂ-{ﬂ- — Iﬂjﬂnf = 1 — p'j‘ {dg}

n=k+1

Using Corollary 2.2 and for each fixed r, choosing an integer ng = ng(r) for which

ng(ng—g)r=—1

TTamg—T) 15 & maximum, we get

Dr. R. Arumugam Page 66



International Journal on Recent Researches in Science, Engineering and Technology, Vol.5, Issue 3,March 2017.
ISSN (Print) 2347-6729; ISSN (Online) 2348-3105

o0 p . .i: _
Z 'ﬂ{?’l o ,S}H,ﬂ?"ﬂ_l < Hﬂ(nﬂ - 3}(1 Zizﬂ pl)?ﬂg—ll {Eg}
it 1+ CE[:HQ — 1]

Hence f is convex of order 3 in |z| < ro provided

i1, o(no = B)(1 = 35 pi) oo e -
Z 1—|-f:rfa— 1) Trai-1 1+ a(ng — 1) r <1-5 (5.10)

We find the value of ry and the corresponding ng(rg) so that

= ii—B) ﬂﬂ(nﬂ_.g}{l_Za—ﬂp‘i}

S 2 S l<1-3 5.11
~T+ali—1)"° 1+ alng — 1) (5-11)

which is the radius of convexity of order 3 for functions in the class TSD(a, py.).

O
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